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Dfnqrzohgjhphqwv = Zh duh judwhixo wr Jhrujh Qrupdq/ Vrxjdwd Srggdu/ Fkulvwldq
Vfkxow} dqg [dylhu Zdxwk| iru lqvljkwixo glvfxvvlrqv/ zlwkrxw zklfk wklv uhvhdufk
zrxog qrw kdyh ehhq srvvleoh1 Wkh dxwkruv dvvxph wkh vroh uhvsrqvlelolw| iru dq|
uhpdlqlqj ghihfwv1
D Frvw0vlgh Dqdo|vlv rq Frooxvlyh Vxvwdlqdelolw|
Devwudfw = Lq dq roljrsro| vxshujdph/ upv* dfwlrqv lq sulfhv dqg txdqwlwlhv duh vxe0
mhfw wr qrq0qhjdwlylw| frqvwudlqwv1 Wkhvh frqvwudlqwv fdq revwuxfw wkh sudfwlfdelolw|
ri rswlpdo sxqlvkphqw +ã od Deuhx +4<;9,/ Odpevrq +4<;:,/ dqg Kçfnqhu +4<<9,, lq
vxvwdlqlqj wdflw frooxvlrq1 Qrwlqj wkdw wkh survshfw ri vlqjoh0shulrg rswlpdo sxqlvk0
phqw ghshqgv lqglvshqvdeo| xsrq upv* delolw| wr fkdujh sulfhv vwulfwo| ehorz pdu0
jlqdo frvwv +orvv0pdnlqj sulflqj,/ xqghu wkh suhvhqfh ri srvlwlyh sulfh frqvwudlqwv/
pdujlqdo frvwv fdq vhuyh dv d ixgjh wr pdwhuldolvh vlqjoh0shulrg rswlpdo sxqlvk0
phqw1 Lq wklv sdshu zh fkdudfwhulvh wkh hhfwv ri surw0frvw udwlrv +ru pdun0xsv, rq
wkh vxvwdlqdelolw| ri wdflw frooxvlrq/ lq oljkw ri rswlpdo sxqlvkphqw1
Nh|zrugv = Pdujlqdo frvwv/ pdun0xs/ srvlwlyh sulfh frqvwudlqw/ srvlwlyh txdqwlw| frq0
vwudlqw/ surgxfw glhuhqwldwlrq/ vxevwlwxwdelolw|1
MHO fodvvlfdwlrq = O46/ G76/ F:51
4
4 Lqwurgxfwlrq
JDPH0WKHRUHWLF ROLJRSRO\ OLWHUDWXUH kdv ehhq zlgho| uhfhswlyh ri wkh vlp0
soli|lqj dvvxpswlrq wr vxssuhvv vxsso| frvwv dqg wkhuhe| wr htxdwh upv* surwv zlwk
wkhlu uhyhqxhv1 Xqgrxewhgo|/ wklv sudfwlfh kdv ehhq surprwhg e| wkh lqqrfxrxv lqwhqwlrq
wr vlpsoli| wkh prgho dv pxfk dv srvvleoh1 Wklv vlpsolfdwlrq/ krzhyhu/ lv dffrpsdqlhg
e| d ghdu vdfulfh = zlwk }hur pdujlqdo frvwv/ qhjdwlyh sulfhv dqg sulfhv ehorz pdujlqdo
frvwv duh v|qrq|prxv1 Lq uhdolw|/ rq wkh rwkhu kdqg/ lw lv frqfhlydeoh wkdw qhjdwlyh sulfhv
zrxog hqfrxqwhu lpsohphqwdwlrqdo gl!fxowlhv/ zklovw sulfhv ehorz pdujlqdo frvwv zrxog
eh iuhh ri dq| vxfk frpsolfdwlrq lqvridu dv wkhlu olwhudo jxuhv duh qrq0qhjdwlyh1
Fohduo|/ wklv glvwlqfwlrq qhyhu pdwhuldolvhv zkhq wkh roljrsro| jdph lv vwdwlf1 Iru/ erwk
qhjdwlyh sulfhv dqg sulfhv ehorz pdujlqdo frvwv duh lqglylgxdoo| luudwlrqdo/ dqg wkxv fdq
eh glvplvvhg iurp frqvlghudwlrq1 Hyhq zkhq wkh roljrsro| jdph lv uhshdwhg +dq roljrsro|
vxshujdph,/ lqvridu dv upv dsso| wuljjhu vwudwhjlhv zlwk Qdvk uhyhuvlrq ã od Iulhgpdq
+4<:4,/ wkhuh lv olwwoh qhhg wr frqvlghu dq| vwudwhjlhv ru dfwlrqv zklfk duh lqglylgxdoo|
luudwlrqdo hlwkhu whpsrudulo| ru lqwhuwhpsrudoo|1 Lq idfw/ wkh survshfw ri whpsrudulo|
fkdujlqj d sulfh vwulfwo| ehorz pdujlqdo frvwv uhfhlyhg olwwoh wkhruhwlfdo dwwhqwlrq xqwlo
Deuhx +4<;9/ 4<;;, dqg Deuhx/ Shdufh dqg Vwdffkhwwl +4<;9, slrqhhuhg wkh frqfhsw ri
rswlpdo sxqlvkphqw1
Lq frqwudvw zlwk lwv vxevwdqwldo lpsdfw rq jdph wkhru|/ hfrqrplf dssolfdwlrqv ri rs0
wlpdo sxqlvkphqw lq pruh vshfldolvhg hogv/ lqfoxglqj lqgxvwuldo rujdqlvdwlrq/ kdyh ehhq
vxusulvlqjo| ihz dqg idu ehwzhhq1 Dprqj wkhvh ihz sdwkeuhdnhuv lv Odpevrq +4<;:,1 Xv0
lqj d Ehuwudqg gxrsro| vxshujdph zlwk wzr upv vxsso|lqj shuihfw vxevwlwxwh surgxfwv/
Odpevrq frqvwuxfwv dq rswlpdo vlqjoh0shulrg shqdo frgh zklfk lv whpsrudulo| lqglylgxdoo|
luudwlrqdo |hw lqwhuwhpsrudoo| suhflvho| lqglylgxdoo| udwlrqdo14 Krzhyhu/ wkh plqlpxp glv0
frxqw idfwru uhtxluhg lq vxvwdlqlqj sulfh frooxvlrq lq Odpevrq +4<;:, lv wkh vdph 425 dv
wkdw lq Iulhgpdq +4<:4,1 Wklv/ dv zh glvfryhu lq wklv sdshu/ lv gxh wr Odpevrq*v vshflf
dvvxpswlrq wkdw wkh wzr upv* surgxfwv duh shuihfw vxevwlwxwhv1
Olwhudwxuh derxqgv rq wkh hhfwv ri surgxfw glhuhqwldwlrq rq wkh vxvwdlqdelolw| ri
4Odpevrq fdoov wklv wkh vhfxulw| ohyho/ l1h1 wkh glvfrxqwhg  rz ri surwv dw zklfk wkh lqglylgxdo
udwlrqdolw| frqvwudlqw suhflvho| elqgv1 Lq klv pruh uhfhqw frqwulexwlrqv +Odpevrq/ 4<<7 > 4<<8, lw lv vkrzq
wkdw/ li upv* d sulrul v|pphwu| lv zdlyhg/ rswlpdo sxqlvkphqwv pd| qr orqjhu klw wkh vhfxulw| ohyho1
Vshflfdoo|/ li upv glhu lq vl}h/ wkh vhfxulw| ohyho sxqlvkphqw lv rshudwlyh iru wkh odujh upv exw qrw
iru wkh vpdoohu rqhv1
5
wdflw frooxvlrq hlwkhu lq sulfhv ru lq txdqwlwlhv +Ghqhfnhuh/ 4<;6 > Fkdqj/ 4<<4/ 4<<5 >
Urwkvfklog/ 4<<5 > Urvv/ 4<<5 > Iulhgpdq dqg Wklvvh/ 4<<6 > Kçfnqhu/ 4<<7/ 4<<8/ 4<<9 >
Odpehuwlql/ 4<<: > lqwhu dold,1 H{fhsw iru Kçfnqhu +4<<9,/ krzhyhu/ doo wklv olwhudwxuh xvhv
wkh wudglwlrqdo Iulhgpdq +4<:4, irupxodwlrq ri iron wkhruhp1
Lq wklv sdshu/ zh dqdo|vh wkh hhfwv ri pdujlqdo frvwv rq vxvwdlqdelolw| ri wdflw fro0
oxvlrq/ lq oljkw ri rswlpdo sxqlvkphqw xqghu erwk qrq0qhjdwlyh sulfh dqg qrq0qhjdwlyh
txdqwlw| frqvwudlqwv1 Vhfwlrq 5 surylghv d edvlf jhqhudo prgho1 Lq vhfwlrqv 6 dqg 7 zh
suhvhqw d olqhdu gxrsro| prgho +dv lq Vlqjk dqg Ylyhv/ 4<;7, wr ghyhors lqwxlwlrq e|
ghulylqj vxejdph shuihfw htxloleuld h{solflwo|1 Lq olqhdu Frxuqrw gxrsro| vxshujdph suh0
vhqwhg lq vhfwlrq 6 wkh sulfh  rru lv qhyhu d elqglqj frqfhuq/ zklovw lq olqhdu Ehuwudqg
gxrsro| vxshujdph suhvhqwhg lq vhfwlrq 7 wkh sulfh  rru fdq elqg li upv duh vxsso|lqj
forvh vxevwlwxwhv1 Vhfwlrq 8 eulh | looxvwudwhv zkhq wkh gxdolw| ehwzhhq sulfh frpshwlwlrq
dqg txdqwlw| frpshwlwlrq krogv dqg zkhq lw idlov/ lq whupv ri wkh pdjqlwxgh ri pdujlqdo
frvwv uhodwlyh wr ghpdqg sulfhv1 Vhfwlrq 9 vxppdulvhv wkh srvvleoh lqflghqfh ri ydulrxv
lqgxvwuldo wd{dwlrq dqg vxevlglvdwlrq rq frooxvlyh vxvwdlqdelolw|/ lq oljkw ri wkhlu hhfwv rq
sulydwh upv* frvw vwuxfwxuh1 Vhfwlrq : frqfoxghv wkh sdshu1
5 Jhqhudo vhw0xs
514 Wkh prgho
Zh frqvlghu wkh iroorzlqj vxshujdph1 Wzr d sulrul lghqwlfdo upv rshudwh lq wkh pdunhw
ryhu wkh wlph krul}rq | ' c 2c c   / vhoolqj +srvvleo| lpshuihfw, vxevwlwxwh surgxfwv1 Dw
hdfk wlph | / up  fkrrvhv lwv dfwlrq k / zklfk pdwhuldolvhv hlwkhu lq d sulfh R ru lq d
txdqwlw| ^ lq prvw ri wkh h{lvwlqj wkhruhwlfdo prghov/ dowkrxjk rxu jhqhudo vhw0xs grhv
qrw suhfoxgh rwkhu dfwlrq vsdfhv lqvridu dv wkh| duh vxevhwv ri zhoo0ghqhg phwulf vsdfhv1
Zh dgrsw wkh iroorzlqj dvvxpswlrqv +fi1 Deuhx/ 4<;9/ s1 4<8,=
D4 = Wkh glvfrxqw idfwru B 5 Efc  lv frqvwdqw ryhu wlph dqg frpprq wr erwk upv1
D5 = Wkh xqlw surgxfwlrq frvw lv frqvwdqw dqg htxdo wr &1
Wkhuhiruh/ wkh uhvxowlqj shu0shulrg surw ixqfwlrq iru up  lv ZEkc k ' ER&^ /
zkhuh ic j ' ic 2j 1
6
D6 = Hdfk lqyhuvh ghpdqg ixqfwlrq RE^ c ^ lv vwulfwo| prqrwrqh dqg frqwlqxrxv lq ^
jlyhq dq| ^ 1
D7 = REf c f : f dqg/ iru dq| ^ wkhuh h{lvwv d 5E^ : f vxfk wkdw RE5E^ c ^ ' f 1
D8 = ^ 5 dfclEBo/ zkhuh lEB lv vxfk wkdw surgxflqj ^ : lEB zrxog ylrodwh wkh lqgl0
ylgxdo udwlrqdolw| frqvwudlqw wr wkh frqwlqxdwlrq ri wkh jdph1
Wklv vwdwhv wkdw lw zloo qhyhu eh lq wkh lqwhuhvw ri up  wr surgxfh dq| rxwsxw odujhu
wkdq lEB / iru dq| jlyhq B 5 Efc  1
D9 = @h} 4@ iZEkc k m k 5 dfclEBoj  kW dko lv d vlqjohwrq1 Ilup *v surw ZEkc k
ghfuhdvhv xqlprgdoo| dv wkh glvwdqfh ehwzhhq k dqg k
W

dko lqfuhdvhv1
D: = Wkh rqh0vkrw jdph lq wkh vsdfh ikc k2j kdv d xqltxh htxloleulxp lq sxuh vwudwhjlhv/
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Wkurxjkrxw wklv sdshu/ rxu irfxv lv h{foxvlyho| wr glvfxvv wkh vxvwdlqdelolw| ri d sdwk wkdw
frqvlvwv ri vlpsoh uhshwlwlrq ri wkh vdph v|pphwulf dfwlrq suroh Ekck / uhihuuhg wr
dv frooxvlyh dfwlrqv ru vlpso| frooxvlrq xqohvv frqwh{wxdoo| frqixvlqj1 Rxu suhplvh lv
wkdw wklv frooxvlyh suroh hqwdlov surwv wkdw duh vwulfwo| deryh wkh surwv iurp uhshwlwlrq
ri wkh vwdwlf Qdvk htxloleulxp Ek c k  1
Lq jhqhudo/ iru dq| suhvfulehg suroh Ek c k wkhuh h{lvwv d xqltxh fulwlfdo glvfrxqw
idfwru B
Wdk o vxfk wkdw wkh suroh lv vxvwdlqdeoh zlwk vxejdph shuihfwlrq li dqg rqo| li
wkh dfwxdo glvfrxqw idfwru B lv htxdo wr ru kljkhu wkdq BWdk o 1 Wkh jhqhudo ghulydwlrq
ri wklv fulwlfdo glvfrxqw idfwru kdv ehhq hvwdeolvkhg e| Deuhx +4<;9 > 4<;;, dqg Deuhx/
Shdufh dqg Vwdffkhwwl +4<;9,1 Krzhyhu/ wkhlu v|pphwulf rswlpdo sxqlvkphqw vfkhphv fdq
eh dhfwhg e| wkh srvlwlylw| frqvwudlqwv lpsrvhg rq upv* dfwlrqv +hlwkhu txdqwlwlhv ru
sulfhv,1 Wklv vkdoo eh forvho| lqvshfwhg lq wkh iroorzlqj 515 dqg 5161
515 Vlqjoh0shulrg v|pphwulf rswlpdo sxqlvkphqw
Ilupv lqlwldoo| iroorz d suhvfulehg frooxvlyh sdwk/ ghqhg dv d v|pphwulf rxwfrph |lhoglqj
vwulfwo| kljkhu surwv wkdq wkh vwdwlf Qdvk htxloleulxp rxwfrph/ xqwlo dq| ghyldwlrq lv
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ghwhfwhg1 Li d ghyldwlrq lv ghwhfwhg lq shulrg | / wkhq lq wkh qh{w shulrg |n / upv vzlwfk
wr wkh sxqlvkphqw skdvh zkhuh erwk upv dgrsw wkh sxqlvkphqw dfwlrq kdo luuhvshfwlyh
ri zklfk up lv sxqlvklqj wkh rwkhu1 Li erwk upv iroorz wkh suhvfulehg shqdo frgh dw
| n  / wkhq wkh| uhyhuw wr wkh lqlwldo frooxvlyh sdwk iurp | n 2 rqzdugv1 Rwkhuzlvh/ wkh
sxqlvkphqw skdvh frqwlqxhv xqwlo wkh shqdo frgh lv dgrswhg e| erwk upv dw wkh vdph
wlph1 Deuhx +4<;9/ Ohppd 4:/ s1 537, suryhv wkdw wklv v|pphwulf shqdo frgh/ zkhq @
vdwlvhv wkh v|vwhp ri htxdwlrqv
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lv rswlpdo lq wkdw lw uhtxluhv d orzhu glvfrxqw idfwru BWdk o wr vxvwdlq frooxvlrq wkdq dq|
rwkhu sxqlvkphqw uxoh1
516 Frqvwudlqhg pxowl0shulrg v|pphwulf rswlpdo sxqlvkphqw
Dowkrxjk v|vwhp +4,0+5, frqvlvwv ri wzr htxdwlrqv zlwk wzr xqnqrzqv/ gxh wr h{rjhqrxv
frqvwudlqwv lpsrvhg rq dfwlrq vhwv/ d vroxwlrq
q
k
doc BWdko
r
pd| qrw dozd|v h{lvw1 Zkhq
qr vroxwlrq h{lvwv/ wklv uh hfwv wkh vlwxdwlrq zkhuh hyhq wkh wrxjkhvw vlqjoh0shulrg shqdo
dfwlrq dgplvvleoh xqghu wkh h{rjhqrxv frqvwudlqwv lv vwloo qrw vhyhuh hqrxjk wr pdnh wkh
upv lqglhuhqw ehwzhhq ghyldwlqj iurp wkh shqdo frgh dqg frpso|lqj1 Wr oo wklv jds
zh frqvlghu wkh iroorzlqj prglfdwlrq1 Zh dgrsw wkh wrxjkhvw dgplvvleoh lqvwdqwdqhrxv
shqdo dfwlrq k / zkhuh wkh h{rjhqrxv frqvwudlqwv duh douhdg| elqglqj1 Wkhq zh dovr
lpsrvh d vpdoo dprxqw ri dgglwlrqdo sxqlvkphqw lq wkh shulrg diwhu1 Wklv vhuyhv wr
lqfuhdvh wkh wrxjkqhvv ri wkh sxqlvkphqw +wkdw lv/ uhgxfh wkh lqfhqwlyhv iru wkh lqlwldo
ghyldwlrq, rq rqh kdqg/ dqg wr lqfuhdvh wkh ghyldwlrq lqfhqwlyh iurp wkh sxqlvkphqw rq
wkh rwkhu kdqg/ zkhuhe| uhgxflqj wkh diruhphqwlrqhg jds1 Dv zh lqfuhdvh wkh dprxqw
ri sxqlvkphqw lq wkh vhfrqg shqdo shulrg/ pruh ri wkh jds lv oohg1 Li wkh jds lv qrw
frpsohwho| oohg e| wkh wzr0shulrg sxqlvkphqw/ l1h1/ li erwk wkh uvw dqg wkh vhfrqg shqdo
shulrgv fduu| wkh wrxjkhvw shqdo dfwlrq k dqg upv vwloo kdyh vwulfw lqfhqwlyhv wr frpso|
zlwk wkh shqdo frgh lq wkh uvw shqdo shulrg/ wkhq zh ordg dgglwlrqdo sxqlvkphqw lq
wkh wklug shqdo shulrg1 Wkh surwudfwlrq ri wkh shqdo skdvh frqwlqxhv xqwlo wkh jds lv
frpsohwho| oohg1
Wkhuhe| lq jhqhudo/ zkhq rxu shqdo frgh lv  shulrgv orqj/ wkh vhyhuhvw shqdo dfwlrq k
dgplvvleoh xqghu wkh h{rjhqrxv frqvwudlqwv lv lq lfwhg gxulqj wkh uvw   shulrgv/ dqg
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wkhq wkh qdo 0wk shulrg ri wkh shqdo skdvh slfnv xs wkh uhpdlqghu ri wkh wrwdo suhvfulehg
dprxqw ri sxqlvkphqw1 +Vhh Dsshqgl{ iru dx{loldu| h{sodqdwlrqv1, Pruh irupdoo| =
 Dw | '  / erwk upv vhw k ' k1
 Dw | +|  2,/ erwk upv vhw k ' k li/ dw |   / k ' k2 ' k / l1h1/ li upv
kdyh suhylrxvo| dgkhuhg wr wkh frooxvlyh suhvfulswlrq1 Rwkhuzlvh/ upv vzlwfk wr dq
0shulrg sxqlvkphqw skdvh/ gxulqj wkh uvw   shulrgv ri zklfk erwk upv dgrsw
wkh shqdo dfwlrq k / lq wkh qdo 0wk shulrg wkh| dgrsw wkh dx{loldu| shqdo dfwlrq
k
 do
1 Li dq| ghyldwlrq iurp wkh shqdo frgh lv ghwhfwhg gxulqj wkh sxqlvkphqw skdvh/
wkhq wkh zkroh  shulrgv ri wkh sxqlvkphqw skdvh uhvwduw doo ryhu djdlq > rwkhuzlvh
li erwk upv kdyh dgkhuhg wr wkh shqdo frgh wkurxjkrxw wkh hqwluh  shulrgv/ wkhq
wkh| uhyhuw wr wkh lqlwldo frooxvlyh sdwk wkhqfhiruwk1
Wkh lqfhqwlyh frpsdwlelolw| ri wklv shqdo frgh fdq eh h{suhvvhg e| wkh v|vwhp ri vlpxo0
wdqhrxv lqhtxdolwlhv =
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( +8,
ri zklfk +6, uhsuhvhqwv wkh lqfhqwlyh qrw wr ghyldwh iurp wkh frooxvlyh sdwk/ +7, uhsuhvhqwv
wkh lqfhqwlyh qrw wr ghyldwh iurp wkh shqdo frgh dw wkh  0wk shulrg ri wkh sxqlvkphqw
skdvh + ' c    c   ,/ dqg qdoo| +8, wkh lqfhqwlyh qrw wr ghyldwh iurp wkh qdo 0wk
shulrg ri wkh shqdo frgh1 Iurp wkh h{suhvvlrq lq wkh uljkw0kdqg vlghv ri wkhvh lqhtxdolwlhv
lw hphujhv wkdw dprqj wkhvh  n  lqhtxdolwlhv rqo| wkh uvw wzr/ l1h1/ +6,/ dqg +7, zlwk
 '  / fdq elqg zklovw wkh rwkhu   lqhtxdolwlhv + ' 2c    c   ri +7,/ dv zhoo dv +8,,
duh vodfn1
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Lq dgglwlrq/ wkh lqwhuwhpsrudo lqglylgxdo udwlrqdolw| frqglwlrq
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pxvw dozd|v eh vdwlvhg1 Li frqvwudlqw +9, zhuh ylrodwhg/ upv zrxog qg lw suhihudeoh wr
fhdvh doo wkh surgxfwlrq dfwlylwlhv shupdqhqwo|/ ehfdxvh wkh kduvkqhvv ri wkh sxqlvkphqw
zrxog rxwzhljk wkh glvfrxqwhg ydoxh ri wkh uhlqvwdophqw ri frooxvlyh surwv1
Wr vxppdulvh/ zkhq h{rjhqrxv frqvwudlqwv elqg/ wkh frqvwudlqhg fulwlfdo glvfrxqw
idfwru B
WWdk o lv ghwhuplqhg wkurxjk wkh v|vwhp ri wzr htxdwlrqv
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zlwk wzr xqnqrzqv BWWdk o dqg kdo +qrwh wkdw wkh sulqflsdo shqdo dfwlrq k lv qr orqjhu
dq xqnqrzq ehfdxvh lw lv qrz ghwhuplqhg e| wkh frqvwudlqwv qrw e| lqfhqwlyhv,/ vxemhfw
wr lqglylgxdo udwlrqdolw| +9,1
Wklv revhuydwlrq lpphgldwho| lpsolhv wkh iroorzlqj1
Wkhruhp = Zkhq wkh vhw ri dgplvvleoh dfwlrqv hqodujhv +uhvs1/ glplqlvkhv,/ wkh uh0
txluhg gxudwlrq ri sxqlvkphqw  vkruwhqv +uhvs1/ ohqjwkhqv, dqg wkh frqvwudlqhg
fulwlfdo glvfrxqw idfwru BWWdko ghfuhdvhv +uhvs1/ lqfuhdvhv,/ dw ohdvw zhdno|1
517 Frvw hhfwv
Kdylqj frqvwudlqhg shqdo dfwlrqv fkdudfwhulvhg lq jhqhudo devwudfw whupv/ qrz zh uhwxuq wr
rxu pdlq lqwhqwlrq lq wklv sdshu/ wkdw lv/ wkh hhfwv ri pdujlqdo frvwv rq wkh vxvwdlqdelolw|
ri frooxvlrq1
Wkh edvlf suhplvh zh dffhsw lv wkdw upv duh doorzhg wr fkdujh sulfhv vwulfwo| ehorz
pdujlqdo frvwv/ exw qrw olwhudoo| qhjdwlyh sulfhv1 Wklv dxwrpdwlfdoo| lpsolhv wkdw/ zkhq
pdujlqdo frvwv duh qhjoljleoh/ qr orvv0pdnlqj dfwlrqv duh dydlodeoh/ zklfk uhvwulfwv wkh vhw ri
lpsohphqwdeoh shqdo frghv1 Lq rxu qrwdwlrq iurp 516/ wklv lv h{suhvvhg dv ZEk

c k
  ' f >
:
lq zrugv/ wkh wrxjkhvw dgplvvleoh shqdo surw lv htxdo wr }hur1 Fohduo| iurp wkh uljkw0kdqg
vlgh ri +: ,/ wklv uhvwulfwlrq vhuyhv wr surorqj wkh uhtxluhg gxudwlrq ri sxqlvkphqw rq rqh
kdqg/ dqg wr udlvh wkh uhtxluhg glvfrxqw idfwru BWWdko rq wkh rwkhu kdqg1 Dv pdujlqdo
frvwv lqfuhdvh/ wkh dprxqw ri orvvhv wkdw fdq eh lq lfwhg lq rqh shulrg dovr lqfuhdvhv1 Wklv
pdnhv ZEk

c k
  vxevwdqwldoo| qhjdwlyh/ vhuylqj wr nhhs wkh gxudwlrq ri sxqlvkphqw vkruw
dqg dovr wr nhhs wkh uhtxluhg glvfrxqw idfwru BWWdk o orz1
Ylhzhg glhuhqwo|/ dssursuldwh uhvfdolqj ri sulfhv dqg frvwv hqdeohv xv wr dvvrfldwh
uhodwlyho| kljk +uhvs1/ orz, pdujlqdo frvwv zlwk uhodwlyho| orz +uhvs1/ kljk, ghpdqg sulfhv
lq h{fhvv ri pdujlqdo frvwv1 D kljk0frvw lqgxvwu| fdq eh uhlqwhusuhwhg dv d orz0pdunxs
lqgxvwu|/ zkhuh surw rssruwxqlwlhv iurp ghyldwlrq duh vfdufh1 Lq vxfk dq lqgxvwu|/ fro0
oxvlrq +doehlw qrw hqruprxvo| surwdeoh, lv hdv| wr vxvwdlq1
Wkhvh revhuydwlrqv fdq eh vxppdulvhg dv iroorzv/ zklfk lv lqghhg d fruroodu| wr Wkh0
ruhp lq 5161
Fruroodu| = Xqghu wkh srvlwlyh sulfh frqvwudlqw/ li wkh ghpdqg vwuxfwxuh lv xqfkdqjhg
lq whupv ri sulfhv lq h{fhvv ri pdujlqdo frvwv/ wkhq dgglqj d srvlwlyh frqvwdqw wr
pdujlqdo frvwv vhuyhv wr hqodujh
 wkh vhw ri vxvwdlqdeoh frooxvlyh rxwfrphv jlyhq B >
 wkh vhw ri dgplvvleoh B lq vxvwdlqlqj d jlyhq frooxvlyh rxwfrph1
6 Olqhdu Frxuqrw gxrsro| vxshujdphv
Wr eh frqfuhwh/ lq wklv vhfwlrq zh iroorz pxfk ri h{lvwlqj olwhudwxuh e| dgrswlqj wkh
olqhdu gxrsro| prgho ã od Vlqjk dqg Ylyhv +4<;7,1 Gxrsro| lqwhudfwlrq xqirogv ryhu
| ' c 2c c   1 Lq hyhu| shulrg/ hdfk up  +ic j ' ic 2j, fkrrvhv d srvlwlyh txdqwlw|
^  f dqg wkh pdunhw sulfh uhdolvhv dffruglqj wr wkh lqyhuvh ghpdqg ixqfwlrq =
R ' 4@ i  ^  ^ c fj ^  f c ^2  f +<,
lq zklfk  5 Eco phdvxuhv wkh ghjuhh ri vxevwlwxwdelolw|1 Qrwlfh wkdw wkh qrupdolvdwlrq
ri wkh uhvhuydwlrq sulfh wr rqh lpsolhv & 5 dfc  Wkurxjkrxw wkh jdph/ wkh glvfrxqw idfwru
B 5 dfc  lv frpprq wr erwk upv1
;
Frqiruplqj wr rxu suhylrxv qrwdwlrq/ zh ghqh surw ixqfwlrqv dqg txdqwlw|0uhdfwlrq
ixqfwlrqv dv
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^
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Reylrxvo| wkh prvw surwdeoh rxwfrph/ li vxvwdlqdeoh/ lv iru wkh wzr upv wr vsolw wkh
prqrsro| txdqwlw| hyhqo| e| vhwwlqj
^ ' ^2 ' ^

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 +44,
614 Vlqjoh0shulrg v|pphwulf rswlpdo sxqlvkphqw
Dq| v|pphwulf suroh ^ ' ^2 ' ^
 lv vxvwdlqdeoh e| phdqv ri vlqjoh0shulrg rswlpdo
sxqlvkphqw +vhh Deuhx/ 4<;9/ 4<;; > Deuhx/ Shdufh dqg Vwdffkhwwl/ 4<<9 > Kçfnqhu/ 4<<9,
li dqg rqo| li wkh glvfrxqw idfwru B lv juhdwhu wkdq ru htxdo wr wkh wkuhvkrog BWd^o zklfk
lv ghwhuplqhg e|
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Lq sduwlfxodu/ wkh prvw surwdeoh frooxvlrq ^ ' ^ +vhh qrwdwlrq +44,, lv dvvrfldwhg zlwk
wkh vroxwlrq
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+47,
zklfk phhwv wkh srvlwlyh txdqwlw| uhtxluhphqw zlwklq/ dqg rqo| zlwklq/ wkh udqjh  5

2

c 

1 Qrwh dovr wkdw wklv shqdo txdqwlw| ^do dozd|v hqwdlov wkh sulfh vwulfwo| deryh wkh
pdujlqdo frvw & 15
Ryhu wkh udqjh  5

 c
2


/ wkh prvw surwdeoh frooxvlrq ^ vxvwdlqdeoh e| vlqjoh0
shulrg sxqlvkphqw vxemhfw wr wkh srvlwlyh txdqwlw| frqvwudlqw lv ghulyhg e| soxjjlqj wkh
elqglqj frqvwudlqw ^do ' f lqwr wkh v|vwhp ri vlpxowdqhrxv htxdwlrqv +45,0+46,1 Lw lv fohdu
wkdw wklv zloo qrw gulyh wkh shqdo sulfh grzq ehorz wkh pdujlqdo frvw & hlwkhu1
5Hdv| dowkrxjk whglrxv dojheud uhyhdov wkh shqdo sulfh sl+t
^4`
> t
^4`, wr eh
sl+t
^4`
> t
^4`, @ 4
+4 n,+5 . 6,
5+5 . ,
zklfk lv qrq0qhjdwlyh doo ryhu wkh uhohydqw udqjh/ l1h1/  5


5
6
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
1
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Hfrqrplf lqwxlwlrq = Zkhq wkh wzr upv* surgxfwv duh pxwxdoo| vxevwlwxwhv +shu0
fhlyhg iurp wkh ghpdqg vlgh/ olnhzlvh khuhwriruh,/ sxqlvkphqw lv lq lfwhg e| h{sdqglqj
hdfk upv* txdqwlw|1 Wklv lv uh hfwhg xsrq wkh idfw wkdw wkh shqdo txdqwlw| ^do lqfuhdvhv
prqrwrqlfdoo| lq wkh vxevwlwxwdelolw| sdudphwhu  1 Wklv fdxvhv wkh uhvxowlqj shqdo sulfh
wr ghfuhdvh lq  / Krzhyhu/ hyhq zkhq wkh wzr upv vhoo shuihfw vxevwlwxwhv + ' ,/
wkh shqdo sulfh lv vwloo vwulfwo| deryh wkh pdujlqdo frvw & 1 Rq wkh rwkhu kdqg/ zkhq wkh
wzr upv vxsso| frpsohphqwdu| surgxfwv/ sxqlvkphqw lv lq lfwhg e| frqwudfwlqj wkhlu
txdqwlwlhv1 Wklv vhuyhv wr udlvh wkh sulfh/ khqfh wkh sulfh  rru lv qhyhu d elqglqj frqfhuq1
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Zkhq  5

 c
2


/ wkh prqrsro|0ohyho frooxvlrq +44, pd| uhtxluh pxowl0shulrg sxq0
lvkphqw ghqhg lq 5161 Zkhq wkh gxudwlrq ri sxqlvkphqw lv  shulrgv + ' 2c c   ,/ wkh
shqdo txdqwlw| gxulqj wkh uvw    shulrgv lv frqvwudlqhg dw ^ ' f zklovw wkh shqdo
txdqwlw| lq wkh qdo 0wk shulrg ^do dqg wkh uhvxowlqj plqlpxp dgplvvleoh glvfrxqw idfwru
B
WWd^ o duh ghwhuplqhg e| wkh v|vwhp ri vlpxowdqhrxv htxdwlrqv =
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+49,
zklfk fruuhvsrqgv wr +6,/ dqg +7, zlwk  '  / lq vhfwlrq 51 Wkh gxudwlrq ri sxqlvkphqw
 fdq eh fkrvhq ghshqglqj xsrq wkh frpsohphqwdulw|  ehwzhhq wkh wzr upv* surgxfwv1
Qdpho|/ lw fdq eh yhulhg wkdw wkhuh lv d vwulfwo| ghfuhdvlqj vhtxhqfh i dDoj
"
D'f vxfk wkdw
  dfo '  /  do ' 
2

/
 Zkhqhyhu  dDo   	  dD3o ED ' 2c c    / wkhuh h{lvwv d vroxwlrq ^
 do
5 dfc ^ /
BWWd^ o 5 Efc  wr wkh v|vwhp +48,0+49, zkhq  ' D exw wkhuh h{lvwv qr vxfk vroxwlrq
zkhq  	 D 1
 *4
D"
 dD o '  1
Dv zh kdyh douhdg| frquphg lq 614/ sulfhv duh deryh wkh pdujlqdo frvw & zkhq hdfk
up surgxfhv qlo/ dqg zkhq hdfk up surgxfhv ^ do 5 dfc ^ o 1 Wkxv rqfh djdlq/ wkh sulfh
 rru lv qhyhu d elqglqj frqvwudlqw zkhq pxowl0shulrg sxqlvkphqw lv lq lfwhg1
43
Khuhe| erwk xqghu vlqjoh0shulrg sxqlvkphqw dqg pxowl0shulrg sxqlvkphqw/ wkh iro0
orzlqj revhuydwlrq krogv1
Sursrvlwlrq l = Lq d txdqwlw|0vhwwlqj vxshujdph zlwk olqhdu vwdjh0ghpdqg +<,/ vxv0
wdlqdelolw| ri wkh prvw surwdeoh vxvwdlqdeoh frooxvlrq/ ghqhg e| wkh dgplvvleoh
udqjh ri wkh glvfrxqw idfwru/ lv xqdhfwhg e| wkh pdujlqdo frvw & 1
7 Olqhdu Ehuwudqg gxrsro| vxshujdphv
Qrz zh frqvlghu wkh vdph olqhdu gxrsro| vxshujdph dv lq vhfwlrq 6 h{fhsw wkdw/ dw wkh
ehjlqqlqj ri hyhu| vwdjh jdph/ wkh wzr upv vlpxowdqhrxvo| vhw wkhlu sulfhv R  f /
R2  f 1 E| lqyhuwlqj +<,/ wkh gluhfw ghpdqg ixqfwlrq lv rewdlqhg dv
^ '
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 n 


 2
R n
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 2
R ic j ' ic 2j +4:,
dv orqj dv  	  1 Li wkh vhohfwhg sulfhv uhvxow lq srvlwlyh txdqwlwlhv e^  f / e^2  f dffruglqj
wr +4:,/ wkhq wkhvh txdqwlwlhv uhdolvh xqprglhg1 Rwkhuzlvh/ li e^ 'plqie^ c e^2j 	 f / wkh
qrq0qhjdwlyh txdqwlw| frqvwudlqw irufhv wkh dfwxdo txdqwlw| uhdolvdwlrq wr eh ^ ' f dqg
wkhq ^ lv ghwhuplqhg e| +<, vhwwlqj ^ ' f / ru/ li wklv ^ lv dovr qhjdwlyh/ wkhq uhdolvhg
txdqwlwlhv duh ^ ' ^2 ' f 1
Qrwh wkdw/ dv  %  / wkh ghpdqg ixqfwlrq +4:, dssurdfkhv wkh xqglhuhqwldwhg Ehuwudqg
ghpdqg ixqfwlrq1 Khuhe| zlwkrxw lqiulqjlqj wkh frqwlqxlw| ri wkh prgho +zlwk uhvshfw wr
,/ zh fdq dvvxph wkdw zkhq  '  dqg R 	 R wkh zkroh ghpdqg zrxog eh wdnhq e|
up  zklovw up  vhoov qlo/ dqg wkdw zkhq  '  dqg R ' R wkh wzr upv vkduh wkh
ghpdqg hyhqo|1
Edvhg xsrq wkhvh uhvxowlqj txdqwlwlhv ^ / zh djdlq frqirup wr rxu suhylrxv qrwdwlrq
lq ghqlqj surw ixqfwlrqv ZER c R dqg sulfh0uhdfwlrq ixqfwlrqv
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Dv wkh ghpdqg vwuxfwxuh lv lghqwlfdo wr rxu suhylrxv prgho lq vhfwlrq 6/ wkh prvw surwdeoh
rxwfrph/ li vxvwdlqdeoh/ lv dovr lghqwlfdo1 Qdpho|/ erwk upv vhw wkh prqrsro| sulfh
R ' R2 ' R

'
 n &
2
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Dq| v|pphwulf suroh R ' R2 ' R
 lv vxvwdlqdeoh e| phdqv ri vlqjoh0shulrg rswlpdo
sxqlvkphqw +dovr vhh Odpevrq/ 4<;:/ 4<<7/ 4<<8, li dqg rqo| li wkh glvfrxqw idfwru B lv
juhdwhu wkdq ru htxdo wr wkh wkuhvkrog BWdR o zklfk lv ghwhuplqhg e|
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Xqolnh lq olqhdu Frxuqrw gxrsro| +vhh vhfwlrq 6,/ wkh prvw surwdeoh sulfh frooxvlrq
R

' R
 +vhh qrwdwlrq +4<,, kdv d vroxwlrq zlwkrxw ylrodwlqj wkh srvlwlyh txdqwlw| frq0
vwudlqw ryhu wkh zkroh udqjh  5 Ec o / wdnlqj lqwr dffrxqw wkh iroorzlqj txdolfdwlrqv1
Iluvw/ ryhu  5
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c ghyldwlrq iurp wkh prqrsro| sulfh R '
& n 
2
gulyhv wkh
fkhdwhg up*v rxwsxw wr }hur1 Vhfrqg/ ryhu  5
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/ wkh rswlpdo ghyldwlrq
lq wkh sxqlvkphqw skdvh surgxfhv }hur surwv iru wkh fkhdwlqj up1 Lqwurgxflqj wkhvh
frqvwudlqwv lqwr +53,0+54, |lhogv wkh iroorzlqj vroxwlrqv =
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Krzhyhu/ wklv shqdo sulfh Rdo/ ghqrwhg e| Rdodo khuhlqehorz lq rughu wr eh glvwlqjxlvkdeoh
iurp wkh jhqhulf shqdo sulfh Rdo/ idoov ehorz wkh pdujlqdo frvw & zkhq
s
D 
2
 fSH 	
   / dqg klwv lwv plqlpxp  n &  E &
s
2
2
dw  '  1 Qrwlfh wkdw wkh odwwhu erxqgdu|
lv qrq0qhjdwlyh l & 5 d 2
s
2 c  1 Xqghu wkh srvlwlyh sulfh frqvwudlqw/ wklv lpsolhv wkh
iroorzlqj1
Sursrvlwlrq ll = Lq d sulfh0vhwwlqj vxshujdph zlwk olqhdu vwdjh0ghpdqg +<,/ wkh
prqrsro|0ohyho frooxvlrq fdq eh vxvwdlqhg e| phdqv ri vlqjoh0shulrg rswlpdo sxq0
lvkphqw +53,0+54, =
 ryhu wkh zkroh udqjh  	    zkhq & 5 d  2
s
2 c  >
45
 rqo| zlwklq wkh udqjh  	  

 m Rdodo ' f
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zkhq & 5 df c  2
s
2 1
Lq rwkhu zrugv/ zkhq & 5 df c   2
s
2 dqg

 m Rdodo ' f

	    / wkh v|vwhp +53,0
+54, idlov wr dffrpprgdwh wkh prqrsro| sulfh R zlwkrxw lqiulqjlqj wkh srvlwlyh sulfh
frqvwudlqw1 Lq vxfk fdvhv/ wkh prvw surwdeoh frooxvlrq R vxvwdlqdeoh e| vlqjoh0shulrg
sxqlvkphqw vxemhfw wr wkh srvlwlyh sulfh frqvwudlqw lv ghulyhg e| lpsrvlqj wkh elqglqj
frqvwudlqw Rdo ' f rq wkh v|vwhp +53,0+54,1 Lw lv fohdu wkdw wklv frqvwudlqhg frooxvlrq zloo
qrw pdnh wkh srvlwlyh txdqwlw| frqvwudlqw elqg1
Hfrqrplf lqwxlwlrq = Zkhq wkh wzr upv* surgxfwv duh pxwxdoo| vxevwlwxwhv/ sxq0
lvkphqw lv lq lfwhg e| uhgxflqj wkh sulfh1 Wklv lv zk| wkh shqdo sulfh Rdodo ghfuhdvhv
prqrwrqlfdoo| lq wkh vxevwlwxwdelolw| sdudphwhu  1 Lq sduwlfxodu/ wkh shqdo sulfh idoov
ehorz wkh pdujlqdo frvw & / gulylqj surwv whpsrudulo| qhjdwlyh/ zkhq wkh wzr upv*
surgxfwv duh forvh vxevwlwxwhv1 Krz idu ehorz & wkh shqdo sulfh Rdo fdq idoo zlwkrxw ehlqj
qhjdwlyh/ reylrxvo| ghshqgv xsrq wkh ohyho ri & 1 Zkhq wkh wzr upv vxsso| frpsohphq0
wdu| surgxfwv/ rq wkh rwkhu kdqg/ sxqlvkphqw lv lq lfwhg e| udlvlqj wkh sulfh1 Wklv vhuyhv
wr uhgxfh wkh txdqwlw|1 Krzhyhu/ wkh srvlwlyh txdqwlw| frqvwudlqw lv lqghshqghqw ri wkh
ohyho ri & / khqfh wklv grhv qrw fuhdwh dq| ghshqghqf| xsrq & 1
715 Srvvleo| pxowl0shulrg v|pphwulf rswlpdo sxqlvkphqw
Zkhq R
dodo 	 f / wkh prqrsro|0ohyho frooxvlrq R ' R pd| uhtxluh pxowl0shulrg sxq0
lvkphqw ghqhg lq 5161 Zkhq sxqlvkphqw odvwv iru  shulrgv + ' 2c c   ,/ wkh shqdo
sulfh gxulqj wkh uvw   shulrgv lv frqvwudlqhg dw R ' f zklovw wkh shqdo sulfh lq wkh
qdo 0wk shulrg Rdo dqg wkh uhvxowlqj plqlpxp dgplvvleoh glvfrxqw idfwru BWWdR o duh
ghwhuplqhg e| wkh v|vwhp ri vlpxowdqhrxv htxdwlrqv =
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zklfk fruuhvsrqgv wr +6,/ dqg +7, zlwk  '  / lq vhfwlrq 51 Wkh gxudwlrq ri sxqlvkphqw
 fdq eh fkrvhq ghshqglqj xsrq wkh pdujlqdo frvw & dqg wkh vxevwlwxwdelolw| ehwzhhq wkh
wzr upv* surgxfwv  1 Qdpho|/ lw fdq eh yhulhg wkdw/
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 iru dq| sdlu & /  / wkhuh lv d xqltxh lqwhjhu  vxfk wkdw wkhuh h{lvwv d vroxwlrq
^ do 5 dfc ^  / BWWdR o 5 Efc  wr wkh v|vwhp +55,0+56, zkhq  '  exw qrw zkhq
 	  >
 iru dq|  / wkh plqlpxp dgplvvleoh glvfrxqw idfwru BWWdR o uhvxowlqj iurp  ' 
prqrwrqlfdoo| ghfuhdvhv & 1
Wklv/ lq frqmxqfwlrq zlwk Sursrvlwlrq ll/ lpsolhv wkh iroorzlqj uhvxow zklfk lv frpprq wr
erwk vlqjoh0 dqg pxowl0shulrg v|pphwulf sxqlvkphqw1
Sursrvlwlrq lll = Lq d sulfh0vhwwlqj vxshujdph zlwk olqhdu vwdjh0ghpdqg +<,/ wkh
vhw ri vxvwdlqdeoh frooxvlyh rxwfrphv ic Bc Rj +dw ohdvw zhdno|, lqfuhdvhv lq wkh
pdujlqdo frvw & 1
8 Uhh{dplqdwlrq ri sulfh0txdqwlw| gxdolw|
Lq wklv vhfwlrq/ zh lqyhvwljdwh wkh vlplodulwlhv dqg glhuhqfhv ehwzhhq sulfh frpshwlqj dqg
txdqwlw| frpshwlqj vxshujdphv1 Lq jhqhudo/ wkhuh h{lvwv gxdolw| ehwzhhq d sulfh vhwwlqj
jdph dqg d txdqwlw| vhwwlqj jdph1 Iru lqvwdqfh/ lq olqhdu gxrsro| zlwk ghpdqg vwuxfwxuh
+<,/ wkh gxdolw| ehwzhhq sulfh vhwwlqj jdphv dqg txdqwlw| vhwwlqj jdphv fdq eh h{suhvvhg
hvvhqwldoo| e|  lsslqj wkh vljq ri  1 Wklv gxdolw| kdv ehhq zhoo nqrzq lq wkh olwhudwxuh/
dqg wkhuhiruh frqqrlvvhxuv pd| kdyh ehhq sx}}ohg zk| lq rxu sdshu/ rq wkh frqwudu|/ wkhvh
wzr irupv ri frpshwlwlrq hqwdlo vxevwdqwldoo| glvwlqfw jdph0wkhruhwlf fkdudfwhulvwlfv1
Wkh dv|pphwu| ehwzhhq sulfh frpshwlwlrq dqg txdqwlw| frpshwlwlrq lv qrw lqkhuhqw
lq Deuhx*v rswlpdo sxqlvkphqw uxoh/ exw vwhpv sxuho| iurp qrq0qhjdwlylw| frqvwudlqwv1
Iru lqvwdqfh/ Ghqhfnhuh +4<;7, vkrzv wkh vlplodulw| ehwzhhq Ehuwudqg jdphv zlwk srvl0
wlyh txdqwlw| frqvwudlqwv exw zlwkrxw srvlwlyh sulfh frqvwudlqwv/ dqg Frxuqrw jdphv zlwk
srvlwlyh sulfh frqvwudlqwv exw zlwkrxw srvlwlyh txdqwlw| frqvwudlqwv1 Qrwh wkdw/ vlqfh Gh0
qhfnhuh*v dqdorj| ehwzhhq Frxuqrw dqg Ehuwudqg jdphv lv derxw wkh rqh0vkrw ghyldwlrq
iurp wkh frooxvlyh sdwk/ doo wkh uhvxowv wkhuh pxvw eh lqghshqghqw ri zkdw shqdo frghv duh
hpsor|hg lq rughu wr vxvwdlq wkh frooxvlrq1 Lqvwhdg/ wkh nh| lv = zkhq zh lqwhufkdqjh upv*
vwudwhjlf yduldeohv ehwzhhq sulfhv dqg txdqwlwlhv/ zh dovr qhhg wr lqwhufkdqjh olnhzlvh doo
wkh uhohydqw frqvwudlqwv vxfk dv qrq0qhjdwlylw|/ lq rughu wr pdlqwdlq wkh gxdolw|1
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Lq rxu frqwh{w/ lw lv rqo| wkh srvlwlyh sulfh frqvwudlqw ri zklfk wkh lpsolfdwlrq wr fro0
oxvlyh vxvwdlqdelolw| ydulhv zlwk wkh pdujlqdo frvw & / qrw wkh srvlwlyh txdqwlw| frqvwudlqw1
Lqvridu dv wkh pdujlqdo frvw & lv odujh hqrxjk wr sxvk wkh sulfh  rru/ R  f / vx!flhqwo|
idu ehorz wkh pdujlqdo frvw +&    2
s
2  f.S lq rxu olqhdu gxrsro| vxshujdph
h{dpsoh,/ wkh srvlwlyh sulfh frqvwudlqw qhyhu elqgv1 Dv & ghfuhdvhv/ wkh srvlwlyh sulfh
frqvwudlqw vwduwv wr elqg lq d Ehuwudqg vxshujdph zlwk upv surgxflqj forvh vxevwlwxwhv1
Wklv vhuyhv wr uhgxfh wkh vxvwdlqdelolw| ri frooxvlrq1
Lq wkh h{wuhph/ zkhq & ' f / lw lv lqwxlwlyho| fohdu wkdw wkh gxdolw| ehwzhhq Ehuwudqg
dqg Frxuqrw jdphv lv uhvwruhg1 Qrwh lq sduwlfxodu wkdw/ dv vxshuprgxodulw| lqfuhdvhv wr
wkh olplw/ wkh frqvwudlqhg pxowl0shulrg sxqlvkphqw dv|pswrwlfdoo| frlqflghv zlwk rqh0vkrw
Qdvk uhyhuvlrq/ wkhuhe| ehfrphv vhfxulw|0ohyho sxqlvkphqw +vhh Odpevrq/ 4<;:/ 4<<7/
4<<8, hyhq wkrxjk wkh gxudwlrq ri sxqlvkphqw whqgv wr lqqlw|1 Wklv lv reylrxv lq d
Ehuwudqg vxshujdph zlwk upv surgxflqj shuihfw vxevwlwxwhv1 Lq d Frxuqrw vxshujdph
zlwk upv vxsso|lqj shuihfw frpsohphqwv/ rq wkh rwkhu kdqg/ wkh gxudwlrq ri sxqlvkphqw
djdlq jurzv wr lqqlw|1 Lw lv vwudljkwiruzdug wr yhuli| wkdw/ lq rxu olqhdu gxrsro| h{dpsoh/
lq wkh olplw zkhuh  &  /
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vr wkdw wkh fulwlfdo glvfrxqw idfwru lq vxvwdlqlqj prqrsro|0ohyho frooxvlrq frqyhujhv wr 425/
wkh vdph ohyho dv lq wkh Ehuwudqg vxshujdph zlwk shuihfw vxevwlwxwh surgxfwv1
9 Srolf| dqg uhjxodwru| lpsolfdwlrqv
Dv zh kdyh vkrzq lq vhfwlrqv 5 dqg 7/ lq Ehuwudqg vxshujdphv zlwk upv vxsso|lqj forvh
vxevwlwxwhv/ vxvwdlqdelolw| ri wdflw sulfh frooxvlrq klqjhv xsrq wkh survshfw ri fkdujlqj
whpsrudulo| d sulfh ehorz wkh pdujlqdo frvw/ dqg krz idu ehorz lw fdq eh1 Wklv ohdgv wr
wkh iroorzlqj vwudljkwiruzdug srolf| lpsolfdwlrqv1
 Surgxfwlrq vxevlglhv dqg vdohv vxevlglhv vhuyh wr uhgxfh pdujlqdo surgxfwlrq
frvwv shufhlyhg iurp wkh up*v sulydwh surw frqfhuq/ zkhuhe| lqfuhdvh wkh pdun0xs1
Wklv/ lq oljkw ri rxu iruhjrlqj dqdo|vlv/ fdq khos ghvwdelolvh sulfh frooxvlrq li upv*
surgxfwv duh forvh vxevwlwxwhv1 E| wkh vdph wrnhq/ vdohv wd{hv gr wkh rssrvlwh/
eulqjlqj dq dgyhuvh hhfw ri surwhfwlqj frooxvlyh vxvwdlqdelolw|1
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 Frusrudwh wd{dwlrq dw d  dw pdujlqdo wd{ udwh lv nqrzq wr eh qrq0glvwruwlrqdu|/
exw wklv lv wuxh rqo| lqvridu dv wkh  dw udwh h{whqgv wr qhjdwlyh surwv/ l1h1/ rqo|
li orvvhv duh sursruwlrqdwho| vxevlglvhg1 Lq uhdolw|/ orvvhv duh prvw w|slfdoo| qrw
vxevlglvhg1 Wklv vhuyhv wr pdjqli|/ lq uhodwlyh whupv/ wkh hhfwlyh orvvhv lqfxuuhg e|
shqdo sulfhv ehorz pdujlqdo frvwv1 Lw khqfh lqfuhdvhv wkh hhfwlyhqhvv ri sxqlvkphqw
dqg wkhuhe| vhuyhv wr surwhfw frooxvlyh vxvwdlqdelolw|1
 Vxevlglhv dqg wd{ fuhglwv jlyhq wr lqqrydwlyh lqyhvwphqw/ zklfk lv w|sl0
fdoo| dlphg dw uhgxflqj pdujlqdo surgxfwlrq frvwv/ hqfrxudjh frvw uhgxflqj surfhvv
lqqrydwlrq1 Frvw uhgxfwlrq/ dv diruhphqwlrqhg/ fdq eulqj dq d!updwlyh hhfw ri
fxuwdlolqj frooxvlyh vxvwdlqdelolw|1
 Dqwl0gxpslqj uhjxodwlrq/ ohjdoo| surklelwlqj sulfhv ehorz pdujlqdo frvwv/ lv d
vwudljkwiruzdug zd| wr fxuwdlo wkh survshfw ri sulfh frooxvlrq hvshfldoo| zkhq wkh
hqylurqphqw lv xqvxlwdeoh iru gluhfw lpsohphqwdwlrq ri dqwlwuxvw sulfh uhjxodwlrqv1
Lw ghvhuyhv khljkwhqhg dwwhqwlrq wkdw wklv uhjxodwlrq vhuyhv d!updwlyho| li dqg rqo|
li lw lv ohjdoo| hqirufhg1 Li/ rq wkh rwkhu kdqg/ gxpslqj lv vxemhfwhg wr hfrqrplf
vdqfwlrqv vxfk dv qhv ru shqdo wd{hv lqvwhdg ri ohjdo survhfxwlrq/ wkhq vxfk
glvlqfhqwlyh vfkhphv fdq pdjqli| wkh hhfwlyhqhvv ri sxqlvkphqw dqg wkhuhe|
khos vxvwdlq wdflw frooxvlrq1
 Suhvhqfh ri vl}hdeoh {hg frvwv shu up shu shulrg dhfwv wkh vhfxulw| ohyho/ l1h1/ wkh
lqwhuwhpsrudo lqglylgxdo udwlrqdolw| frqglwlrq1 Qdpho|/ lw pdnhv h{lw uhodwlyho| pruh
dwwudfwlyh/ uhqghulqj kduvkhu sxqlvkphqw qr orqjhu lqglylgxdoo| udwlrqdo1 Wklv fdq
eulqj dq d!updwlyh hhfw ri uhgxflqj wkh vxvwdlqdelolw| ri frooxvlrq e| qduurzlqj
wkh fkrlfh vhw ri dydlodeoh sxqlvkphqw1 Lq wklv vhqvh/ ydulrxv vxevlglhv dqg wd{
frqfhvvlrqv jlyhq wr {hg lqgxvwuldo h{shqvhv kdyh d zhoiduh0uhgxflqj vlgh0
hhfw ri hqfrxudjlqj wdflw sulfh frooxvlrq1 Lw vkrxog dovr eh qrwhg wkdw rqo| {hg
frvwv shu shulrg/ qrw vxqn frvwv xsrq hqwu|/ fdq vhuyh wr ghvwdelolvh wdflw sulfh
frooxvlrq1
 Frusrudwh wd{dwlrq rq d oxps0vxp edvlv/ vxfk dv frpsxovru| uhjlvwudwlrq ru
olfhqvlqj/ lv nqrzq wr eh qhxwudo lq d vwdwlf vhwwlqj/ exw qrw qhfhvvdulo| vr lq rxu
uhshdwhg0jdph iudphzrun1 Iru/ lw dxjphqwv {hg frvwv shufhlyhg iurp sulydwh upv*
srlqw ri ylhz/ zklfk fdq fxuwdlo frooxvlyh survshfwv dv diruhphqwlrqhg1 Qrwh hvsh0
fldoo| wkdw rqo| d oxps0vxp vxevfulswlrq wd{/ l1h1/ d oxps vxp shu up shu shulrg/
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fdq vhuyh wr ghvwdelolvh sulfh frooxvlrq/ qrw d rqfh0dqg0iru0jrrg vxqn sd|phqw xsrq
hqwu|/ wkh odwwhu ehlqj wuxo| qhxwudo hyhq lq rxu g|qdplf roljrsro| jdphv1
: Frqfoxglqj glvfxvvlrq
Wkh lpsdfw ri pdujlqdo frvwv rq frooxvlyh vxvwdlqdelolw| kdv iuhtxhqwo| ehhq ryhuorrnhg lq
pdq| ri wkh h{lvwlqj wkhruhwlfdo vwxglhv rq uhshdwhg roljrsro| jdphv1 Xvlqj whfkqlfdoo|
vwudljkwiruzdug dssolfdwlrq ri rswlpdo sxqlvkphqw +Deuhx/ 4<;9/ 4<;; > Deuhx/ Shdufh dqg
Vwdffkhwwl/ 4<;9 > Odpevrq/ 4<;: > Kçfnqhu/ 4<<9, dqgprgli|lqj lw lq oljkw ri srvlwlyh sulfh
dqg txdqwlw| frqvwudlqwv/ wklv sdshu kdv fkdudfwhulvhg vrph ri wkh v|vwhpdwlf uhodwlrqv
ehwzhhq wkh pdjqlwxgh ri pdujlqdo frvwv dqg wkh vxvwdlqdelolw| ri frooxvlyh rxwfrphv1
Pdujlqdo frvwv dhfw roljrsrolvwv* fdsdelolw| ri vxvwdlqlqj wdflw frooxvlrq lq wzr iurqwv1
Rq rqh kdqg/ wkh suhvhqfh ri vxevwdqwldo pdujlqdo frvwv idflolwdwhv frooxvlrq dw dq| sulfh0
txdqwlw| ohyho e| orzhulqj wkh frqvwudlqhg fulwlfdo glvfrxqw idfwru1 Rq wkh rwkhu kdqg/
zkhq wkh glvfrxqw idfwru lv qrw kljk hqrxjk wr vxvwdlq prqrsro|0ohyho frooxvlrq/ wkh
suhvhqfh ri vl}hdeoh pdujlqdo frvwv hqdeohv frooxvlrq wr eh vxvwdlqhg dw d kljkhu +forvhu wr
prqrsro|, ohyho1
Dvlgh iurp lwv kljko| sudfwlfdo lpsolfdwlrqv/ rxu uhvxow rhuv dq h{wud dgydqwdjh/ wkdw
lv/ lw derxqgv lq srwhqwldo frqqh{lrqv wr ixwxuh uhvhdufk vxemhfwv1 Wkh hhfw ri frvw uh0
gxfwlrq lpphgldwho| jlyhv ulvh wr wkh txhvwlrq ri hqgrjhqlvlqj pdujlqdo frvwv e| phdqv ri
vrph suhfrpplwwhg lqyhvwphqw1 Vxfk lqyhvwphqw fdq eh pdgh hlwkhu dv fdsdflw| lqvwdo0
phqw/ whfkqrorjlfdo lqqrydwlrq/ ru wkh fkrlfh ri glhuhqw phwkrgv lq frusrudwh qdqflqj1
Srolf| lpsolfdwlrqv duh dqrwkhu gluhfwlrq wr sureh1 Wkh survshfw ri hqgrjhqlvlqj pdujlqdo
frvwv dovr uhodwhv wr wkh lvvxh ri mrlqw yhqwxuhv lq U)G/ lqfoxglqj ohjlvodwlyh dwwlwxgh hlwkhu
iru ru djdlqvw vxfk mrlqwlqj1 Odvw/ exw qrw ohdvw/ wkh zlgho| vwxglhg vxemhfw ri rujdqlvd0
wlrqdo ghvljq/ hvshfldoo| wkrvh txhvwlrqv vxfk dv zk| upv dsshdu wr uhwdlq lqh!flhqw
surgxfwlrq whfkqrorjlhv rq sxusrvh/ dqg zk| upv whqg wr rsw iru dqg dgkhuh wr lqh!0
flhqw pdqdjhuldo sudfwlfhv dqg vhhplqjo| xqqhfhvvdulo| exuhdxfudwlf frusrudwh vwuxfwxuhv/
fdq srvvleo| eh glvhqwdqjohg lq oljkw ri frvw0vlgh wkhru| rq wdflw frooxvlrq1
4:
Dsshqgl{
D pruh jhqhudo irup ri pxowl0shulrg sxqlvkphqw fdq eh ghvfulehg dv iroorzv1 Ilupv vwd|
rq d suhvfulehg frooxvlyh sdwk k / xqwlo dq| ghyldwlrq lv ghwhfwhg1 Rqfh d ghyldwlrq
lv ghwhfwhg lq shulrg | / wkhq lq wkh qh{w shulrg | n  / upv vzlwfk wr d pxowl0shulrg
sxqlvkphqw skdvh zkhuh erwk upv dgrsw wkh sxqlvkphqw dfwlrq k do luuhvshfwlyh ri
zklfk up lv sxqlvklqj wkh rwkhu1 Lq wkh sxqlvkphqw skdvh/ zkhqhyhu erwk upv iroorz
wkh suhvfulehg shqdo frgh k d5o dw |n 5 E5 ' c    c  / wkhq wkh| sod| k d5no lq wkh qh{w
shulrg 5 n  1 Diwhu  shulrgv/ zkhuh  lv wkh vshoo ri wkh shqdo frgh/ upv uhyhuw wr wkh
lqlwldo frooxvlyh sdwk iruhyhu/ l1h1/ k dno ' k1 Li dq| ghyldwlrq iurp wkh shqdo frgh lv
ghwhfwhg gxulqj wkh sxqlvkphqw skdvh/ wkhq wkh sxqlvkphqw skdvh uhvwduwv dqhz iurp
k
 do doo ryhu djdlq1
Wkh lqfhqwlyh frpsdwlelolw| frqglwlrqv lq vxvwdlqlqj wklv 0shulrg shqdo frgh fdq eh
ghvfulehg e| wkh iroorzlqj v|vwhp ri n  lqhtxdolwlhv =
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zkhuh/ iru qrwdwlrqdo frqyhqlhqfh/ ohw k duo ' @ zkhqhyhu u :  / wkdw lv/ wkh odvw ri
wkhvh  n  lqhtxdolwlhv +zlwk 5 '  n , uhsuhvhqwv upv* lqfhqwlyh qrw wr ghyldwh iurp
wkh ruljlqdo frooxvlyh sdwk1
Lw lv lqwxlwlyho| fohdu/ krzhyhu/ wkdw qrw doo ri wkhvh  n  lqhtxdolwlhv vkrxog elqg
+l1h1/ krog zlwk vwulfw htxdolwlhv,1 Iru/ d ghyldwlrq iurp hduolhu vwdjhv ri wkh shqdo skdvh
jhqhudoo| jdlqv vwurqjhu lqfhqwlyhv wkdq wkdw iurp odwhu vwdjhv1 Wklv lpsolhv wkdw wkh
uvw lqhtxdolw|/ zlwk 5 '  / wrjhwkhu zlwk wkh lqlwldo qrq0ghyldwlrq frqglwlrq iurp wkh
frooxvlyh suhvfulswlrq/ zlwk 5 '  n  / vkrxog elqg/ zklovw rwkhu    lqhtxdolwlhv/ zlwk
5 ' 2c c    c  / qhhg qrw elqg1
Dv zh vhh iurp Deuhx +4<;9/ 4<;;,/ wkh rswlpdolw| ri sxqlvkphqw vwdqgv rq wzr
frxqwhuirufhv = rq rqh kdqg wkh lqlwldo ghyldwlrq iurp wkh suhvfulehg frooxvlyh sdwk vkrxog
eh glvfrxudjhg e| pdnlqj wkh sxqlvkphqw dv vhyhuh dv srvvleoh/ zklovw rq wkh rwkhu kdqg
wkh ghyldwlrq iurp wkh uvw shqdo shulrg vkrxog dovr eh suhyhqwhg/ lq rughu iru zklfk wkh
uhpdlqghu ri wkh sxqlvkphqw/ l1h1/ wkh sruwlrq ri sxqlvkphqw lq lfwhg iurp wkh vhfrqg
shqdo shulrg rqzdugv/ vkrxog qrw eh wrr kduvk wr frpso|1 Wkh frxqwhuedodqfh ehwzhhq
4;
wkhvh wzr irufhv qhfhvvlwdwhv wkdw wkh uvw shqdo shulrg pxvw fduu| dv pxfk sxqlvkphqw
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